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Probabilistic Nonlinear Finite Element Analysis of
Composite Structures

S. P. Engelstad* and J. N. Reddyt
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061

A probabilistic finite element analysis procedure for laminated composite shells is developed. A total
Lagrangian finite element formulation, employing a degenerated three-dimensional laminated composite shell
element with the full Green-Lagrange strains and first-order shear deformable kinematics, is used. The first-or-
der second-moment technique for probabilistic finite element analysis of random fields is employed, and results
are presented in the form of mean and variance of the structural response. Reliability calculations are made by
using the first-order reliability method combined with sensitivity derivatives from the finite element analysis.
Both ply-level and micromechanics-level random variables are incorporated, the latter by means of the Aboudi
micromechanics model. Two sample problems are solved to verify the accuracy of the procedures developed and
to quantify the variability of certain material type/structure combinations. In general, the procedure is quite
effective in determining the response statistics and reliability for linear and geometric nonlinear behavior of

laminated composite shells.

Introduction

HE use of fiber-reinforced composite materials in mod-

ern engineering structural design has become a common
practice. For example, organic matrix composite materials
such as graphite-epoxy have been used extensively with sub-
stantial weight savings along with additional benefits such as
dimensional stability. However, since more design variables
typically exist when composite materials are employed and the
manufacturing processes for producing composites are more
complex, more variability can exist in a design produced with
composites compared to conventional materials. This in-
creased tendency for variability can induce a trend toward
design conservatism. Thus, the motivation of this paper is to
utilize the probabilistic finite element technique to quantify
the variability in composite structures.

Several authors have developed probabilistic finite element
methods for random fields or variables. Among the common
methods used for nonlinear analysis is the second moment
method, as outlined by Hisada and Nakagiri,! Nakagiri et al.,?
Tani and Nakagiri,? and Liu et al.*-5 Nakagiri and co-workers
applied the method to the analysis of linear composite plates
using classical lamination theory. Liu and his co-workers have
done extensive work applying the method to geometric and
material nonlinear analysis, but only for isotropic materials.

This paper focuses on the application of the second-moment
method to probabilistic finite element analysis of geometric
nonlinear composite shells. The procedures developed by Liu
et al.*% for determining first-order mean and variance of the
deflection, strain, and stress response are utilized. The sensi-
tivity derivatives computed in the second-moment method are
also used to perform the first-order reliability optimization. It
is of interest to analyze more realistic laminated composite
structures; thus, the shell element with shear deformation
theory is used in the present study. This paper investigates the
computational difficulties in analyzing actual laminated com-
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posite panels involving models with large numbers of layers
and degrees of freedom and also those that proceed deep into
the postbuckling range. A micromechanics theory is included
to allow random variables to be formulated at the microme-
chanics level. Probabilistic sensitivity studies are performed,
and comparisons are made with experimental results.

Finite Element Formulation
The incremental equations of a continuous medium are
formulated based on the principle of virtual displacements and
the total Lagrangian description. The detailed description can
be found in Ref. 7 and is thus omitted here for brevity. The
final incremental equilibrium equations for an element are
given by
([K.] + [KmD{A°) = (R} — {F} )
where { A} is the vector of nodal incremental displacements in
an element, and [K; ], [Kn.], and {F} are defined by

K }= S [B.17[C1IB.] dV
14

[BnICI[BN] a4V
14

[Kn 1= S

{F}= SV[BL]{S} av

In the preceding equations, [B;] and [Bx;] are linear and
nonlinear strain-displacement transformation matrices, [C] is
the incremental stress-strain material property matrix, {S} is
a vector of second Piola-Kirchhoff stresses, and {R} is the
external load vector. All matrix elements refer to the deformed
state with respect to the original undeformed configuration.
After assembly, the Newton-Raphson method is employed to
solve the nonlinear equations iteratively until the actual equa-
tions of motion are satisfied to a required tolerance.

The degenerated three-dimensional shell element is obtained
from the three-dimensional solid element by imposing two
constraints: 1) Straight lines normal to the midsurface before
deformation remain straight but not normal after deforma-
tion; and 2) the transverse normal components of strain and
hence stress are ignored in the development. The resulting
nonlinear formulation admits arbitrarily large displacements
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and rotations of the shell element and small strains, since the
thickness does not change and the normal does not distort.

In the process of evaluating the integrals in Eq. (1), Gauss
quadrature is used in the membrane directions of the shell, but
explicit integration is used in the thickness direction (for
elastic behavior). Thus, the thickness direction integration for
all three matrices reduces to the following classical laminate
stiffnesses:
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where {; is the thickness direction lower coordinate of the jth
lamina, P is the number of laminas, and [C’] is the or-
thotropic constitutive matrix for the jth lamina in the shell
curvilinear body coordinates. It should be noted that {C']is a
function of the lamina properties E;, E», v13, Gi3, Ga3, Gia,
and the ply orientation angle.

Micromechanics Model

The Aboudi micromechanics model is included to study the
effect of micromechanics constituent properties as random
variables. In this section a review of Aboudi’s theory is dis-
cussed, which is modeled after the development in Ref. 8.

This theory involves the solution of a suitable boundary
value problem whose domain is a typical representative vol-
ume V. The composite is modeled as an isotropic matrix
reinforced by a transversely isotropic fiber of rectangular
cross section. The fibers extend in the x; direction and are
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Fig. 1 Micromechanics subcell geometry: a) doubly periodic array of
rectangular fibers extending in the x; direction; b) representative cell.

arranged in a doubly periodic array in the x;, and x; directions
as shown in Fig. 1a. The rectangular fiber has cross-sectional
dimensions h;, £ with A5, 4 denoting the matrix spacing.
Figure 1b shows the representative cell necessary for analysis
due to the periodic arrangement. The cell is further divided
into four subcells «, 8, =1, 2, each with a local coordinate
system (x;, X5, x9).

The displacement field considered by Aboudi is a first-order
expansion in each subcell, since only average behavior of the
composite is sought. This displacement field of Aboudi is
given by

Agaﬁ) = w’_(aﬁ) + 5(5”‘)d)§°‘6) + 55(33)‘[/5043)’ i=1,2,3 @A)
where w/*® are the displacement components of the center of
the subcell and ¢{*® and ¥{*® characterize the linear variations
of the displacements within the subcell in the x{° and x§
directions, respectively. In this section, repeated « and 3 do
not imply summation.

By imposing the continuity conditions at the boundaries of
the subcells, closed-form solutions for the average stress in the
cell ; in terms of the average strain & can be obtained.
Without listing the details (see Ref. 8), the results are summa-
rized by

(3} = [Q1(¢}

where the Q;; are the effective elastic constants of the compos-
ite. The constants Qj; are given in functional form as

Qij =f(ci(jaﬁ)’ hu’ eﬁ)

and C{* represent the constitutive properties of the (af)
subcell.

Probabilistic Finite Element Method

The second-moment perturbation method as developed by
Liu et al.*% is summarized in this section for geometric nonlin-
ear, time-independent behavior. Discussions of importance to
composite random variables are presented, and developments
are applied to the degenerated three-dimensional shell ele-
ment. The first-order reliability method incorporated into the
computational scheme is also described.

Begin by rewriting the assembled form of Eq. (1) as

(F({a},{b )} = (R({b D)} @

where {F} is the internal force vector, {A} the displacement
vector, {R ] the external force, and {5} a discretized vector of
the random function b (x), where x is a spatial coordinate {x }.
As in typical finite element analysis, the random function 5 (x)
is expanded using shape functions ¥;(x):

b= L % )

where b; are the nodal values of b(x). Generally the random
quantity b can be a material property, geometric dimension,
or a load.

The probabilistic finite element method for moment evalua-
tion proceeds by applying second-moment analysis. The vec-
tors in Eq. (4) are expanded about the mean of the random
function b via Taylor series, and following substitution into
Eq. (4) the following perturbation equations are obtained:

Zeroth-order equation:

{F}=(R) ®
First-order equations:
[KT1(A}s, = (R}, — {Flp, i=1,...,n Q)

where the overbar represents evaluation of that term at the
mean value of b, and the subscript b; represents the derivative
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with respect to b;. It should be noted that, when the perturba-
tion Egs. (6) and (7) are used for reliability analysis, the
overbar indicates evaluation about the ‘‘most probable fail-
ure point’’ in the optimization procedure. As is common in
the literature, [K7] represents the tangent stiffness matrix
defined as

_1oF)
KN =5y ®)

For linear elastic problems, the term {F }»,in Eq. (7) is in the
following form:

{Fp, = [K]p, (A}

and for geometric nonlinear elastic problems, this term be-
comes )

(Fls, =§ [BLI7(S}s, AV
Vv

Once {A} and {A},, are obtained by solving Egs. (6) and (7),
the mean and autocovariance matrices for the nodal displace-
ments can be determined. The first-order estimate of the mean
displacement is given by [see Eq. (4)]:

E[{A}] = (A} O

where E[ -] indicates the expected value or mean. Similarly,
the first-order autocovariance of displacement is given by

cov(a’, A= ¥ AL A} covib; b)) 10
ij=1
where cov(b;, b;) is the covariance of the random function b.
It is defined in terms of the input coefficient of variation o and
the autocorrelation coefficient function A [b(x;), b(x;)]. The
actual autocorrelation function selected will be discussed later.
The covariance cov(d,, b;) is given by

cov(b;, b)) = {var[b(x;)Ivarlb(x)1}*A[b(x)b(x))]  (11a)
where
var[b(x;))] = E[b(x)) (11b)

Similar procedures are used to evaluate statistical moments of
the stress response.

Composite Random Variables

Sources of randomness can be material properties, geomet-
ric dimensions, or loads. For the present study, the only
geometric dimensions selected as random variables are the ply
thickness and ply angle. The loading is considered to be deter-
ministic throughout this study. All material properties are
treated as random variables, either from the point of view of

¢ (body)
Fig.2 Body and material coordinates in the shell curvilinear plane.

the ply level or the micro level (when the micromechanics
constitutive theory is incorporated). At the ply level, material
variables could be any of the engineering material properties
Eyy, Es, vy, Gia, Gz, Gys. Recall that these properties along
with the ply angle 6 define the coefficients of the constitutive
matrix [C’]. At the micromechanics level, the material vari-
ables could be the fiber and matrix properties Eq1, Ema, Griz,
¥r12, ¥r23» Ems vm» FVR, where f denotes fiber property, m
denotes a matrix property, and FVR is the fiber volume ratio.
These microvariables are used in the Aboudi micromechanics
equations to determine the engineering (ply-level) material
properties. In this section, discussions involving the technical
assumptions and subtleties of incorporating these random
variables are presented.

Ply Thickness

The total thickness of a laminate is determined by summing
the individual ply thicknesses, which for a composite made of
one material type are assumed to be constant for every ply.
Here it is assumed that the thickness of all layers fluctuate, but
that the total thickness of the laminate (shell) remains un-
changed. This is the assumption made by Nakagiri et al. for
eigenvalue analysis of composite plates. In Ref. 2 only ply
thickness and orientation angle were selected as random vari-
ables. Since the total thickness is assumed to be constant, the
¢ coordinates of the upper and lower surfaces of the shell are
deterministic.

Micro-Level Material Properties

The micro-level random variables Efiy, Ep, Ghas v112, ¥1235
E,, v, and FVR are specified inputs to the Aboudi microme-
chanics equations with the output being the ply-level engineer-
ing constants. These engineering constants are used to calcu-
late the [A], [B], and [D] matrix stiffnesses in Eqgs. (2). Thus,
to evaluate the {F} », matrices needed in Eq. (7), Egs. (2) must
be differentiated in terms of the micro-level random variables.
In this process, the chain rule of differentiation and the finite
difference method (for differentiating the micromechanics
equations) are utilized.’

Spatial Correlation

The probabilistic finite element procedure developed herein
has the ability to model the correlation involved in spatial
fields. For an orthotropic ply, and referring to Fig. 2, we
assume an orthotropic autocorrelation coefficient function in
the following form:

oo (58 o] (5521

Lj=1,...,n (12)

In Fig. 2, £ and g are the curvilinear coordinates of the shell
that are aligned with the body coordinates; £’ and »’ are the
curvilinear coordinates in the principal material coordinate
system, aligned with the fibers; and A;., N, are input correla-
tion lengths. Transforming £ and 5 to the principal material
coordinates £’ and 5’, we obtain

{(é/ - )} ~ [ cosd sine] {(s,- - s,)} a3)
M/ —nj) ~siné cosf | ((n; — 7))
This formulation for the autocorrelation allows ply random
variables to be correlated in the plane of the shell aligned with
the material coordinates. For the case of material properties,
we assume that they will have correlation trends that are
parallel and perpendicular to the fiber directions.

An underlying assumption in Eq. (12) is that 4 (b;, b;) is not
a function of the shell thickness coordinate {. This leads to
independent random fields from ply to ply (uncorrelated).
This assumption is not a requirement, and correlation could
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be assumed in the { direction, but for all of the examples given
in this work all layers have been chosen to be independent.

Computational Savings Techniques

Three methods are utilized in this work to reduce the com-
putational effort involved when a spatially correlated random
field is assumed. Liu et al.*® discussed techniques for diago-
nalizing the covariance matrix and an adjoint method for
computing only the kth component of the displacement
derivatives. Both of these are incorporated here, as well as a
way to reduce the assembly time for stiffness and residual
force derivatives by using the chain rule of differentiation.’

Reliability Estimation

Probability of failure estimation or reliability is a very im-
portant aspect of the computational procedure. The method
used here is the first-order reliability method developed by
Hasofer and Lind!® and extended by Rackwitz and Fiessler.!!
Let g(U;) = 0 be the limit state function in which U; are the
independent (uncorrelated) random variables. Each U; is
transformed to a reduced coordinate u; according to

U —
U = —’;ﬁ (14)
i

where (u;, o;) are the mean and standard deviation, respec-
tively, of U;. Equation (14) is then substituted into g(U;) so
that the limit state function is now expressed in terms of the
reduced coordinates g;(#;). The generalized safety index S is
defined as the minimum distance from the origin of the re-
duced coordinates to the limit state surface. Thus, in mathe-
matical terms the problem becomes the following constrained
minimization problem:

B = minVIu?
subject to gi(u)=0 as)

Various optimization schemes are used to solve this problem;
the one chosen here is a Lagrangian multiplier method.!2 The
probability of failure Py is then approximated from the stan-
dard normal cumulative distribution tables (¢) as

Pr=¢(—8)

If g(U;) is linear in U; and all U; are normal, then Py is
exact. Otherwise Py is an approximation.

Table 1 Material properties and statistics for graphite-epoxy
spherical shell problem

Random Standard Coefficient

variable Mean deviation of variation  N\¢- Ay’
En 109.0 5.45 0.05 635 381
Ex 6.27 0.314 0.05 381 635
G 3.09 0.155 0.05 508 508
12 0.222  1.112x10-2 0.05 508 508
Gi3 3.09 0.155 0.05 508 508
Gy 2.41 0.121 0.05 508 508
Em 2.14 10.7 0.05 635 381
Epp 13.8 0.690 0.05 381 635
Griz 13.8 0.690 0.05 508 508
V12 0.2 1.0 x 10~2 0.05 508 508
3 0.25 1.25 x 10-2 0.05 508 508
En 3.45 0.173 0.05 635 635
Vm 0.25 1.25x 102 0.05 635 635
FVR 0.5 2.5% 1072 0.05 508 508
6 0 deg, 90 deg 2 deg —_ 635 635
& 12.7 0.636 0.05 635 635

29 Indicates fiber orientation angle; & indicates ply thickness. Subscripts fand m
represent fiber and matrix, respectively; absence of a letter subscript indicates a
ply-level property. The units are GPa and mm where appropriate.
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Fig.3 Variance of center displacement w along x axis of spherical
shell showing the combined and individual effects of the ply-level
graphite-epoxy random variables.

Variance of W-displacement (cm 2 x1.E-3)
1

Extensions to the aforementioned basic method have been
developed by Rackwitz and Fiessler,!! Chen and Lind,!* and
Wu and Wirsching!4; these extensions provide improvements
to the estimate of P,;. These improvements allow for other
distributions than the normal (using equivalent normal distri-
butions) and increased accuracy for nonlinear limit state func-
tions.

In the process of solving the constrained minimization prob-
lem, derivatives of the limit state function with respect to the
random variables are required. Since the limit state function is
typically a function of the structural response (e.g., displace-
ment, strain, and stress), then by the chain rule of differentia-
tion, derivatives of the response with respect to the random
variables are needed:

Oz _ o8 3lo) -
aU; d{s} oU;

where {o} denotes the stress vector. Since the derivatives
d{o}/0U; are already determined in the perturbation proba-
bilistic finite element method, they can be used here to com-
pute reliability. In this way an efficient procedure for reliabil-
ity estimation incorporating the probabilistic finite element
method is achieved.

Applications
Spherical Shell Under External Pressure

A shallow spherical shell with simply supported boundary
conditions and uniform external pressure is studied in this
example. The problem description is given in Fig. 3, and all
input material properties, variances, and levels of spatial cor-
relation are given in Table 1. The coefficient of variation
(COV) is defined as the ratio of the standard deviation to the
mean for a given random variable. All examples in this study
used a COV of 0.05, except for the case of ply orientation
angle, where the standard deviation was chosen to be 2 deg.
All variables were treated as random fields, with typical corre-
lation lengths of one-half of the domain of the problem in
each principal material direction. Only one quadrant of the
shell was modeled in the interest of computational savings,
even though the spatial correlation assumptions may not be
symmetric across the shell. Of course, this is not a limitation
of the procedures or computational model developed herein.

The use of the probabilistic finite element procedure em-
ployed here for random fields requires that a convergence
study be performed. Not only must the mesh be a reasonable
one to discretize the deterministic equilibrium equations, but it
also must be refined enough to discretize the chosen random
field. Generally, as the correlation lengths are increased, the
effect on mesh requirements is that a coarser mesh can be



366 ENGELSTAD AND REDDY: ANALYSIS OF COMPOSITE STRUCTURES

used. In Ref. 9, this study was performed by comparing the
second-moment results to the Monte Carlo method results.
This led to the use of a 4 X 4 mesh of nine-node Lagrangian
elements, with fully reduced (2 X 2) integration. The require-
ments of the random field proved to be the dominating factor
in specifying this 4 X 4 mesh.

One important benefit of the probabilistic finite element
method is the ability to quantify the variations in the struc-
tural response caused by individual random fields or variables.
In the present study these random variables can include ply-
level material stiffnesses or micro-level material stiffnesses.
Figure 3 illustrates both the combined and individual vari-
ances for displacement response. It is interesting to note that,
for this particular shell problem, the w-displacement response
is most affected by the ply thickness, ply angle, and E,
variables. In Fig. 4 micromechanics-level random variables
were chosen. For the w-displacement variance, once again ply
thickness and ply angle were important, along with FVR and
Ej; microvariables. It has been found that, for these shell
problems with graphite-epoxy materials, generally the domi-
nant random variable is the ply angle (especially for stress
response), as would be expected due to the low stiffness of the
matrix in comparison with the fibers.

A postbuckling analysis of the graphite-epoxy shell is per-
formed next. The modified Riks method!’ is used to trace the
nonlinear path past the snap-through point (or limit point)
and into the postbuckling range. In Ref. 9, in order to validate
the second-moment method for geometric nonlinear behavior,
the second-moment results for the nonlinear buckling of this
shell were compared to the Monte Carlo method with reason-
ably good agreement.
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Fig. 4 Variance of center displacement w along x axis of spherical
shell showing the combined and individual effects of the micro-level
graphite-epoxy random variables.
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Fig. 5 Mean center displacement w and =1 standard deviation
point vs load throughout postbuckling range of spherical shell.

a) b)
Fig. 6 Flat rectangular graphite-epoxy panel under axial compres-
sion!S: a) panel fixture; b) panel failure mode.

Using the first-order second-moment method combined
with the modified Riks technique, the w-displacement re-
sponse throughout the postbuckling range, including the limit
points, is calculated and presented in Fig. 5. Here the squares
indicate mean response, and the asterisks are the mean =+ 1
standard deviation (1o) points. It is evident that at the limit
points the COV is very large, in fact reaching a value of 0.5.

The increase in variance at the limit points occurs since the
buckling behavior of the structure is more sensitive to any
changes in stiffness or load at these points. It should be noted
that, although the displacement COV begins at about 0.05
before the limit points, it becomes quite small after the limit
points, settling to a value of about 0.01.

Postbuckling of a Flat Panel Under Axial Compression

The problem under consideration here is a flat, rectangular,
50.8-cm-long X 17.8-cm-wide graphite-epoxy panel loaded in
axial compression. An experimental study was performed on a
series of these panels by Starnes and Rouse.!¢ Figure 6 shows
a typical panel with fixture and the resulting failure mode. The
loaded ends of the panels were clamped by fixtures and the
unloaded edges were simply supported by knife-edge restraints
to prevent the panels from buckling as wide columns. The
material properties, layup, and statistics are as follows:
E;, = 131.0 GPa (19,000 ksi), E» = 13.0 GPa (1890 ksi), Gy,
= G = 6.4 GPa (930 ksi), v, =0.38, Gy3=1.72 GPa (250
ksi), and lamina thickness = 0.14 mm (0.0055 in.); the layup
was a 24-ply orthotropic laminate with a [ £ 45/0,/ +45/0,/
+ 45/0/90]s stacking sequence; the random variables were:
E]l, Ezz, GIZVIZ’ G13, Gz3, and ply thickness, each with a
coefficient variation of 0.05, also ply angle, with a standard
deviation of 2 deg. The model used 72 nine-node Lagrange
elements uniformly spaced, with 12 along the longitudinal (x
direction) and 6 along the width (¥ direction), with 325 nodes
and 1625 degrees of freedom. The boundary conditions are
shown in the insert in Fig. 7.

We performed a previous deterministic analytical study on
the panel (denoted panel C4 in Ref. 16); our results are given
in Ref. 17. Comparisons were made between analytical and
experimental results. In general the comparisons were very
good, even deep in the postbuckling range. To pass the critical
buckling load, a geometric imperfection of a small percentage
of the plate thickness (typically 1-5 times the normal buckling
mode) was added to the original geometry of the panel. The
purpose of the previous analysis was to study the effect of
shear deformation on postbuckling response and failure pre-
diction. The purpose of this analysis is to study the variability
of the panel results.

The probabilistic analysis of this panel assumed a fully
correlated random field for each random function in each
layer so that each degenerated to a single random variable per
layer (this is referred to here as the uniform variance assump-
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Fig. 7 End-shortening postbuckling response of graphite-epoxy
panel.
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Fig. 8 Out-of-plane displacement postbuckling response of graphite-
epoxy panel.
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Fig. 9 Longitudinal surface strains on opposite outer surfaces of the
graphite-epoxy panel near a point of maximum out-of-plane displace-
ment.

tion). An attempt was made to employ the random field
techniques; however, the computational expense was too high
due to eight random fields in 24 layers, 1625 degrees of free-
dom in the model, and a nonlinear analysis. The random field
method took 8.3 h/load step (on a Convex computer),
whereas the uniform variance method only 5.8 min/load step.
Since 13 load steps were required to reach the failure load and
immense storage is required for the random field method with
this many layers, it was concluded that for this size problem
the uniform variance assumption was much more realistic.
The end shortening postbuckling response is shown here in
Fig. 7. The load P is normalized by the analytical buckling
load P, and the end shortening deflection u by the analytical
end shortening u, at buckling. A 1% plate thickness geometric
imperfection was used. The analytical results compare favor-
ably with the experimental results. In addition, the + 1 stan-
dard deviation points indicate the variation in the data. It
should be noted that in Ref. 17 it was shown that one of the
reasons for the good agreement here is the inclusion of the
shear deformation in the element formulation. Figure 8 con-
tains the out-of-plane deflection w near a point of maximum
deflection normalized by the panel thickness ¢. Figure 9 shows

the longitudinal surface strains e near a point of maximum
out-of-plane deflection normalized by the analytical buckling
strain e,. For all three of these plots the COV is typically
around 2%, except for the w displacement prior to and at
buckling, which was large.

To understand the failure mode, it is necessary to see the
nonlinear buckling mode shape. An analytical contour plot of
the out-of-plane deflection at an applied load of 2.1P, is
shown in Fig. 10a. A moiré fringe pattern photograph from
Ref. 16 of the out-of-plane deflections at the same load is
shown in Fig. 10b. Both patterns indicate two longitudinal
half-waves with a buckling mode nodal line at panel mid-
length.

In Refs. 16 and 17, it was determined that the failure mode
was primarily due to transverse shear stress 7,3 (7., in 0-deg
ply) along the midlength (nodal line) of the panel. Other
stresses such as oy; and 712 also contribute to failure along the
nodal line region in other layers.

The distribution of the transverse shear stress 73 in the third
layer of the laminate (a 0-deg ply) is shown in Fig. 11a for a
load of 2.1P,. It is observed that high transverse shear stress
develops along the nodal line of the panel. Figure 11b shows
the redistribution of the 73 stress for three different applied
loads. At the experimental failure load of 2.1P,, the 7,3 stress
approaches the material allowable value of 62 MPa (9 ksi).
The COV for the 73 stress was typically 0.055 except at the
critical buckling load, when it reached a value of 0.12,

Fig. 10 Comparison of experimental and analytical out-of-plane dis-
placement patterns at applied load of 2.1 P, for the graphite-epoxy
panel: a) contour plot of analytical results; b) photograph of moiré-
fringe pattern.
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Fig. 11 Transverse shear stress 7.; distributions in the third layer
(0-deg ply) from the surface of the graphite-epoxy panel: a) contour
plot of transverse shear stress distribution; b) stress distributions
across panel midlength.
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It is of interest to determine the most significant random
variables in the variance for the 7,3 stress. Figure 12 contains
the peak mean 71,3 stress, along with the COV for the combined
and individual random variables for increasing load values. It
is observed that the 7,3 stress variance is most influenced .by
G, with the ply thickness effect increasing as the buckling
load is passed and bending effects become more important.

Even though for this graphite-epoxy composite panel a first-
ply failure does not represent overall panel failure, a reliability
analysis was performed for first ply failure. In Ref. 17, it was
shown that, although the failure mechanism was primarily due
to 713 transverse shear stress, the Tsai-Wu failure criterion that
accounts for interaction of stresses did a better job of predict-
ing failure than the maximum stress criterion. The Tsai-Wu
criterion was thus selected as the limit state function for this
example. Of course, the maximum stress, maximum strain, or
other criteria could be used. The Tsai-Wu criterion can be
stated as follows:

g=1-(Fo1 + F202 + 2F1201(72 + Fuo'% + F22(T% + F440%

+ Fi503 + Feg03) = 0
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Fig. 12 Mean and COV of 7y, stress vs load throughout postbuckling
range showing the combined and individual effects of the ply-level
random variables for the graphite-epoxy panel.
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Fig. 13 First-ply Tsai-Wu deterministic failure and reliability analy-
sis: a) end-shortening postbuckling response of panel showing deter-
ministic Tsai-Wu first-ply failure; b) probability of first-ply failure Py
using the Tsai-Wu criterion.
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and o, and o, are the normal stresses along the fiber and
normal to the fiber, respectively; oy, 05, and ¢ are the shear
stresses in the 23, 13, and 12 planes, respectively; X and Y
correspond to strengths in the 1 and 2 directions, respectively;
the subscripts ¢ and ¢ denote tension and compression, respec-
tively; and R, S, and T are the shear strengths. The values of
the strengths used are as follows: X, = 1400 MPa (203 ksi),
X, = 1138 MPa (165 ksi), Y, = 80.9 MPa (11.7 ksi), Y, = 189
MPa (27.4 ksi), R = § = 62 MPa (9 ksi), and T = 69.0 MPa
(10.0 ksi).

All random variables were assumed to have normal distribu-
tions in this example reliability analysis. Since no experimental
distribution data were available, then this ‘‘normal’’ assump-
tion was used to reduce the reliability computation time in the
optimization routine. Since no equivalent normal approxima-
tions were made, the number of iterations in the optimization
routine was reduced (each iteration involves a complete new
solution of the nonlinear finite element problem). Whereas all
stiffness random variables were given a COV of 0.05, the
strengths were assumed to have COV values of 0.10. In addi-
tion, zero correlation was assumed between each random vari-
able. Of course, none of these simplifications are limitations
of the method.

Figure 13a shows the deterministic comparison of the Tsai-
Wu analytical prediction of first ply failure to the experimen-
tal failure. The failure location is indicated by an ‘‘x’’ in the
insert and the thickness location is the first layer of the lami-
nate. Figure 13b contains the reliability analysis. The proba-
bility of failure P, was found to be quite small (0.0021) at the
load P/P, = 1.39, which is still quite deep in the postbuckling
range. The number of iterations for each numbered data point
in Fig. 13b is as follows: point 1—35 iterations, point 2—6
iterations, point 3—8 iterations. The numerical tolerance for
convergence in the reliability index 8 was set to 0.001. In terms
of CPU time (on a Convex computer), the following expendi-
tures were réquired for each data point: point 1—1.59 h, point
2—1.75 h, point 3—2.05 h.

Summary and Conclusions

A nonlinear probabilistic finite element analysis procedure
for laminated composite shells is developed, and applications
were investigated to numerically study the procedures. The
first-order second-moment method for probabilistic finite ele-
ment analysis of random fields was employed, and accuracy
assessments based on comparisons with the Monte Carlo
method were referred to in Ref. 9. The method was found to
be quite accurate for small input coefficients of variation. A
postbuckling example of a spherical shell was studied to inves-
tigate the variability of the shell beyond the limit points. A
second postbuckling application (a flat panel in compression)
involving many degrees of freedom and layers was studied to
test the ability of the probabilistic method to deal with larger
models. The random field techniques became far too costly,
from both computational and storage viewpoints. The ran-
dom fields were assumed to be fully correlated (or single
random variables) to alleviate this problem. CPU expenditures
in the reliability analysis were reported to provide information
regarding the costs of the procedures, and comparisons with

experimental data were included. _ .
. The degenerated three-dimensional laminated composite
shell element proved to be accurate in modeling the geometric
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nonlinear behavior of the postbuckled panel. The inclusion of
transverse shear deformation was found to be critical, espe-
cially in the postbuckling range. It was demonstrated that the
modified Riks arc length method works quite well with the
second-moment probabilistic method and allowed mean and
variance calculations to be made beyond zero-slope limit
points, which often exist in shell structures.
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